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a b s t r a c t
In thiswork the controllability of fractional impulsive neutral functional integrodifferential
systemswith a nonlocal Cauchy condition in a Banach space has been addressed. Sufficient
conditions for the controllability are established using fractional powers of operators and
the Banach contraction mapping theorem.
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1. Introduction
Controllability problems in Banach spaces have been extensively investigated by many authors (see [1–6] and the
references therein). Balachandran and Park [1] and Balachandran et al. [3] discussed the controllability of second-order
and neutral functional integrodifferential systems in abstract space. Since a change of state in many evolution processes
emerges as an abrupt phenomenon, Li et al. [2] and Chang [6] studied the controllability of impulsive functional differential
systems in Banach spaces by utilizing Schaefer’s fixed point theorem. Park et al. [4] deal with the controllability of impulsive
neutral integrodifferential systems with infinite delay in Banach spaces. So far, however, the overwhelming majority of
the controllability results have only been available for integral-order infinite-dimensional systems rather than fractional-
order ones, as models alternative to nonlinear differential systems [7], with the exception of [5]. Motivated by the fact that
many partial fractional differential and integrodifferential equations can be converted into fractional equations in some
Banach spaces [5,8], there is a real need to discuss the controllability problem of fractional-order functional systems in
abstract spaces. On the other hand, the nonlocal Cauchy problem for abstract evolution differential equationswas pioneered
by Byszewski [9]. Very recently, Anguraj and Karthikeyan [10] discussed the existence of solutions for impulsive neutral
functional differential equations with nonlocal conditions.
In this work, we shall study the controllability of fractional-order impulsive neutral integrodifferential systems with
a nonlocal Cauchy condition in Banach spaces established in terms of fractional powers of operators and the Banach
contraction mapping theorem.
2. Preliminaries
Consider the following fractional impulsive neutral integrodifferential systemswith infinite delay and a nonlocal Cauchy
condition:
dq
dtq
[x(t)− g(t, xt)] = (Ax)(t)+ (Bu)(t)+ f

t, xt ,
∫ t
0
h(t, s, xs)ds

, (1)
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t ∈ J = [0, b], t ≠ τk, k = 1, 2, . . . ,m;
∆x|t=τk = Ik(x(τ−k )), k = 1, 2, . . . ,m, (2)
x(t)+ h1(xτ1 , xτ2 , . . . , xτm) (t) = φ(t) ∈ C((−∞, 0], Xβ), t ∈ (−∞, 0] (3)
where the state x(·) belongs to the Banach space X endowed with the norm ‖ · ‖, 0 < q < 1. The control function u(·) takes
values in a Banach space L2(J,U) of admissible control functions. Operator A generates a strongly continuous semigroup of
bounded linear operators T (t) in X . B is a bounded linear operator from a Banach space U into X .∆x|t=τk = x(τ+k )− x(τ−k ),
for all k = 1, 2, . . . ,m, 0 < τ1 < τ2 < · · · < τm < τm+1 = b. Let xt(·) denote xt(θ) := x(t + θ), θ ∈ (−∞, 0].
h1 : C((−∞, 0], Xβ)m → C((−∞, 0], Xβ), q+ β ≠ 1.
If T is a uniformly bounded analytic semigroup such that 0 ∈ ρ(A), then it is possible to define the fractional power
(−A)α , for 0 < α < 1, as a closed linear operator on its domain D(−A)α with inverse (−A)−α . The following are basic
properties of (−A)α.
Lemma 2.1 ([11], pp. 69–75)).
(1) Suppose that 0 < α ≤ 1. Then Xα := D(−A)α is a Banach space endowed with norm ‖x‖Xα := ‖(−A)αx‖ for x ∈ D(−A)α.
(2) If 0 < β ≤ α, then Xα ↩→ Xβ is continuous.
(3) For every t > 0, (−A)αT (t) is bounded on X and there exists Mα > 0 and δ > 0 such that ‖(−A)αT (t)‖ ≤ Mαtα e−δt ≤ Mαtα .
Before proceeding, we recall some supporting definitions and properties which will help in developing our main results in
the next section.
Definition 2.1 ([5,12]). A real function f (t) is said to be in the space Cα, α ∈ R, if there exists a real number p > α, such
that f (t) = tpg(t),where g ∈ C[0,∞) and it is said to be in the space Cmα if f (m) ∈ Cα,m ∈ N.
Definition 2.2 ([5,12]). If the function f ∈ Cm−1 and m is a positive integer, then we can define the fractional derivative of
f (t) in the Caputo sense as d
α f (t)
dtα = 1Γ (m−α)
 t
0 (t − s)m−α−1f (m)(s)ds,m− 1 < α ≤ m.
If 0 < α ≤ 1, then dα f (t)dtα = 1Γ (1−α)
 t
0
f ′(s)
(t−s)α ds,where f
′(s) = df (s)ds and f is an abstract function with values in X .
Definition 2.3. A function x : (−∞, b] → X is called a mild solution of the nonlocal Cauchy problem (1)–(3) if the nonlocal
Cauchy condition (3) is satisfied, the impulsive condition ∆x|t=τk = Ik(x(τ−k )), k = 1, 2, . . . ,m, is verified, the restriction
of x(·) to the interval Jk (k = 0, 1, . . . ,m) is continuous and the following integral equation holds: for t ∈ J ,
x(t) = T (t)[φ(0)− (h1(xτ1 , xτ2 , . . . , xτm))(0)− g(0, x0)] + g(t, xt)+
1
Γ (q)
∫ t
0
(t − s)q−1T (t − s)Ag(s, xs)ds
+ 1
Γ (q)
∫ t
0
(t − s)q−1T (t − s)
[
(Bu)(s)+ f

s, xs,
∫ s
0
h(s, τ , xτ )dτ
]
ds
+
−
0<τk<t
T (t − τk)Ik(x(τ−k )), t ∈ J
x(t)+ h1(xτ1 , xτ2 , . . . , xτm) (t) = φ(t), t ∈ (−∞, 0]. (4)
Definition 2.4. The system (1)–(3) is said to be controllable on the interval J if for every initial function φ ∈ C((−∞, 0], Xβ)
and x1 ∈ X, there exists a control u ∈ L2(J,U) such that the mild solution x(t) of (1)–(3) satisfies x(b) = x1.
3. The main results
To investigate the controllability of system (1)–(3), we assume the following conditions:
(H1) Operator A is the infinitesimal generator of a compact semigroup of bounded linear operators T (t) in X satisfying
‖T (t)‖ ≤ M1 for someM1 ≥ 1 when t ≥ 0.
(H2) The linear operatorW : L2(J,U)→ X defined byWu = 1
Γ (q)
 b
0 (b− s)q−1T (b− s)(Bu)(s)ds has an invertible operator
W−1 taking values in L2(J,U) \ KerW and there exists a positive constantM2 such that ‖BW−1‖ ≤ M2.
(H3) There exist positive constants L(f ), L(h), Lβ(g) such that the following Lipschitz conditions hold:
‖f (t, wt , v)− f (t, w¯t , v¯)‖ ≤ L(f )
‖w − w¯‖C((−∞,t],Xβ ) + ‖v − v¯‖
‖h(t, s, ws)− h(t, s, w¯s)‖ ≤ L(h)‖w − w¯‖C((−∞,t],Xβ )(−A)βg(t, wt)− (−A)βg(t, w¯t) ≤ Lβ(g)‖w − w¯‖C((−∞,t],Xβ ).
(H4) Ik : Xβ → X, and there exists positive constant Lk such that ‖Ik(v)− Ik(v¯)‖ ≤ Lk‖v − v¯‖Xβ , L =
∑m
k=1 Lk.
(H5) Suppose that h1 : C((−∞, 0], Xβ)m → C((−∞, 0], Xβ), equipped with positive constant K satisfying(h1(wτ1 , wτ2 , . . . , wτm))(t)− (h1(w¯τ1 , w¯τ2 , . . . , w¯τm))(t) ≤ K‖w − w¯‖C((−∞,b],Xβ ), t ∈ (−∞, 0].
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(H6)
α := max

K ,

1+ b
qM1M2
Γ (q+ 1)

M1K + (1+M1)‖(−A)−β‖Lβ(g)+ b
q+β−1
(q+ β − 1)Γ (q)C1−βLβ(g)
+ b
qM1
Γ (q+ 1) L(f )(1+ bL(h))+M1L

< 1.
Theorem 3.1. If the hypotheses (H1)–(H6) are satisfied, then the fractional system (1)–(2)with nonlocal Cauchy condition (3) is
controllable on J.
Proof. In view of hypothesis (H2) for an arbitrary function x(·), the control is defined as follows:
u(t) = W−1

x1 − T (b)(φ(0)− (h1(xτ1 , xτ2 , . . . , xτm))(0)− g(0, x0))− g(b, xb)
+ 1
Γ (q)
∫ b
0
(b− s)q−1 · (−A)1−βT (b− s)(−A)βg(s, xs)ds− 1
Γ (q)
∫ b
0
(b− s)q−1T (b− s)
× f

s, xs,
∫ s
0
h(s, τ , xτ )dτ

ds−
m−
k=1
T (b− τk)Ik(x(τ−k ))

(t). (5)
In what follows, it suffices to show that when using this control the operator Γ defined by
(Γ x)(t) =

φ(t)− (h1(xτ1 , xτ2 , . . . , xτm))(t), t ∈ (−∞, 0]
T (t)[φ(0)− (h1(xτ1 , xτ2 , . . . , xτm))(0)− g(0, x0)] + g(t, xt)−
1
Γ (q)
∫ t
0
(t − s)q−1(−A)1−βT (t − s)
× (−A)βg(s, xs)ds+ 1
Γ (q)
∫ t
0
(t − s)q−1T (t − s)BW−1

x1 − T (b)(φ(0)− (h1(xτ1 , xτ2 , . . . , xτm))(0)
− g(0, x0))− g(b, xb)+ 1
Γ (q)
∫ b
0
(b− s)q−1(−A)1−βT (b− s)(−A)βg(s, xs)ds− 1
Γ (q)
∫ b
0
(b− s)q−1
× T (b− s)f

s, xs,
∫ s
0
h(s, τ , xτ )dτ

ds−
m−
k=1
T (b− τk)Ik(x(τ−k ))

(s)ds
+ 1
Γ (q)
∫ t
0
(t − s)q−1T (t − s)f

s, xs,
∫ s
0
h (s, τ , xτ ) dτ

ds
+
−
0<τk<t
T (t − τk)Ik(x(τ−k )), t ∈ J
has a fixed point x(·) from which it follows that this fixed point is a mild solution of the system (1)–(3). Clearly, x(b) =
(Γ x)(b) = x1, from which we conclude that the system is controllable.
Using hypothesis (H3) and Lemma 2.1, we have that ∀ξ, η ∈ C((−∞, b], Xβ),
1
Γ (q)
∫ t
0
(t − s)q−1 (−A)1−βT (t − s) (−A)βg(s, ξs)− (−A)βg(s, ηs) ds
≤ 1
Γ (q)
∫ t
0
(t − s)q+β−2ds · C1−βLβ(g)‖ξ − η‖C((−∞,b],Xβ )
= b
q+β−1
(q+ β − 1)Γ (q)C1−βLβ(g)‖ξ − η‖C((−∞,b],Xβ ) (6)f s, ξs, ∫ s
0
h(s, τ , ξτ )dτ

− f

s, ηs,
∫ s
0
h(s, τ , ητ )dτ

≤ L(f )(1+ bL(h))‖ξ − η‖C((−∞,b],Xβ ). (7)
It follows from (H4)–(H5) and (6)–(7) that ‖(Γ ξ)(t)− (Γ η)(t)‖ ≤ α‖ξ − η‖C((−∞,b],Xβ ), where α is defined in the as-
sumption (H6). Under the assumptions (H1)–(H6), operator Γ satisfies all the conditions of the Banach contraction theorem
and therefore, in the space C((−∞, b], Xβ), there is only one fixed point of Γ , which implies that the control u steers the
system (1)–(3) from the initial state x(t) + h1(xτ1 , xτ2 , . . . , xτm) (t) = φ(t), t ∈ [−∞, 0] to the terminal state x1 in time
b. This completes the proof of the theorem. 
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Remark 3.1. Nonlocal conditions of the form of Eq. (3) introduced in [10] take the effect of infinite delay on system states
into account. Such nonlocal Cauchy problems together with the controllability of infinite-dimensional systems are not
under investigation in the literature. Utilizing the properties of fractional powers of operators, this work establishes the
controllability results (Theorem 3.1) for such problems.
4. Conclusions
Sufficient conditions for the controllability of fractional impulsive neutral functional integrodifferential systems with a
nonlocal Cauchy condition in a Banach space have beenpresented for the first time by utilizing fractional powers of operators
and the Banach contraction mapping theorem.
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